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Abstract 

An effective string tlieory in pliysically relevant cosmological and black hole space times is re- 
viewed. Explicit computations of the quantum string entropy, partition function and quantum 
string emission by black holes (Schwarzschild, rotating, charged, asymptotically flat, de Sitter dS 
and AdS space times) in the framework of effective string theory in curved backgrounds provide 
an amount of new quantum gravity results as: (i) gravitational phase transitions appear with a 
distinctive universal feature: a square root branch point singularity in any space time dimen- 
sions. This is of the type of the de Vega - Sanchez transition for the thermal self-gravitating gas of 
point particles, (ii) There are no phase transitions in AdS alone, (iii) For dS background, upper 
bounds of the Hubble constant H are found, dictated by the quantum string phase transition, (iv) 
The Hawking temperature and the Hagedorn temperature are the same concept but in different 
(semiclassical and quantum) gravity regimes respectively, (v) The last stage of black hole evapo- 
ration is a microscopic string state with a finite string critical temperature which decays as usual 
quantum strings do in non-thermal pure quantum radiation (no information loss).(vi) New lower 
string bounds are given for the Kerr-Newman black hole angular momentum and charge, which 
are entirely different from the upper classical bounds, (vii) Semiclassical gravity states undergo 
a phase transition into quantum string states of the same system, these states are duals of each 
other in the precise sense of the usual classical-quantum (wave-particle) duality, which is universal 
irrespective of any symmetry or isommetry of the space-time and of the number or the kind of 
space-time dimensions. 
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1. INTRODUCTION AND RESULTS 



The study and solution of the dynamics of strings in curved backgrounds has allowed 
further understanding of quantum gravity effects 

In this review paper, classical, semiclassical and quantum regimes are described for cos- 
mological space times in a conjoint study. A clear picture for all these backgrounds will 
emerge, going beyond the current picture, both for their semiclassical and quantum regimes. 

The analysis of the semiclassical and quantum regimes of gravity in the contexts of 
Quantum Field Theory (QFT) and String Theory (ST) respectively is particularly important 
for several reasons, and it has been the object of recent intensive study, in both regimes, with 



relevant physical and cosmological examples : Schwarzschild (BH) HI], Kerr rotating black 
holes {KBH) fl^, Reissner - Nordstrom charged black holes 12], Kerr-Newman rotating 



charged black holes (KNBH) [ij], de Sitterfd^) Q- Q and anti de Sitter (AdS) space 



times [l5|; Schwarzschild - de Sitter {hhdS) [ij] and Schwarzschild - Anti de Sitter (bhAdS) 
backgrounds as well 1^. 
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The physical significance of these space times is well know. The black hole evaporation 
process has been a challenging problem, related to the so called loss of information [l^ 
and to the issue of the need of a quantum gravity description for its last stages. 

The understanding of semiclassical and quantum gravity dS regimes is particularly im- 
portant for several reasons. The flow of consistent cosmological data (cosmic microwave 
background, large scale structure, and supernovae observations) has placed dS, an d q uasi- 
dS, regimes as a real part of the standard (concordance) cosmological model 18|-[24|, for 
the description of inflation at an early stage of the Universe (semiclassical or QFT regime) 
and acceleration at the present time (classical regime). 

Furthermore, dS or quasi dS quantum regimes, besides their conceptual interest, should 
be relevant in the stage preceeding semiclassical inflation, their asymptotic behaviour should 
provide consistent initial states for semiclassical inflation, and clarify, for instance, the issue 
of the dependence of the observable primordial cosmic microwave fluctuations on the initial 
states of inflation. 

The lack till now of a full conformal invariant description of dS background in string the- 
ory l|] should not be considered as an handicap for dS space-time, but as a motivation for 
going beyond the current scarce physical understanding of string theory. Moreover, solving 
the classical and quantum string dynamics in conformal and non conformal invariant string 
backgrounds, have shown that the physics is the same in the two class of backgrounds: con- 
formal and non conformal. The mathematics is simpler in conformal invariant backgrounds, 

ff fi n 

but the main physics, in particular the string mass spectrum, remains the same, [l[-[J],[7|. 

Although there is no relevant cosmological motivation to consider AdS background, the 
understanding of semiclassical and quantum AdS regimes is relevant as well for several 
reasons. AdS regimes are illustrative examples to compare and contrast with dS regimes, 
and they allow to see the effects of a negative cosmological constant. On the other hand, AdS 
space time provides asymptotic boundary conditions to Black Hole evaporation, and gives 
a natural infrared cuttoff to the euclidean path integral formulation for quantum gravity, 
AdS space time acting as a large space box {25!- [23]. Also the mathematics is simpler in 
conformal invariant AdS backgrounds (WZWN models) as compared to the non conformal 
ones, but the main physics (e.g. the string mass spectrum) continues to be the same 

0, 
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For strings in flat space-time, weak string coupling does not describe any of these back- 
grounds, but for strings, in any of the full curved backgrounds considered here, these space 
times are non-perturbative from the beginning. We start with the full non perturbative 
background, so strong coupling effects are present even if no explicit string self interaction 
is added. Of course, more interactions can be included and explored, but strings in curved 
backgrounds provide an effective framework to deal with strong gravity regimes. In the lack 
of any tractable framework for String Field Theory, (even in the simplest fiat space situ- 
ations), the effective string analogue model or thermodynamical approach implemented in 
curved backgrounds, provides a suitable framework for this purpose. This approach allows 
to combine both quantum field theory (QFT) and string theory in curved backgrounds and 
to go further in the understanding of quantum gravity effects. 

In this effective framework, strings are considered as a collection of quantum fields 
coupled to the curved background, and whose masses m„ are given by the degenerate string 
mass spectrum in the curved space considered. Each field appears as many times the 
string degeneracy of the mass level ps(m). Although the fields $„ do not interact among 
themselves, they do with the background. The mass formula, m{n), and the mass density 
of states, Ps{m), are obtained by solving the quantum string (non linear) dynamics in the 
curved background considered. 

In this framework, the semiclassical (Q.F.T) and the Quantum (string) regimes turn 
out gravity duals of each other, but in the precise sense of the usual classical - quantum 
(or wave-particle) duality. This classical - quantum duality does not require the existence 
of any isometry, in any of the curved backgrounds considered, and neither needs a priori 



any symmetry nor compactified dimensions 15|, 28|- 29|]. For instance, the SL{2,R) 

WZWN string model is a clear and explicit realization of the dual behavior of the quantum 
string and the semiclassical (Q.F.T) regimes. In this string model, which describes bosonic 
string theory in a AdS space time in 3 dimensions, the dual behaviors (semiclassical and 
quantum string behaviors) are built explicitely in 301]. 

A central object in string theory is the microscopic string density of states of mass m 
in a given background, ps{fn)\ in particular, its high mass behavior that depends on the 
different curve d sp ace-times in which strings propagate (this is the Hagedorn behavior in 



fiat space time 



3l|). For a given space-time, this mass behavior grows exponentially; aspects 
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as the number of space-time dimensions, critical dimensions, type of strings, and type of 
string theory only appear in the two dimensionless numerical coefficients of the exponential 
growth and its amplitude 32|. This is precisely the importance of the density of string 
states, from which the string intrinsic temperature and entropy emerge, and from which the 
basic important results of string thermodynamics are derived. 

The string density of mass levels, ps{m), is derived from the string density of level n, d{n), 
and from the string mass spectrum, m{n), in a given background. The string density of levels 
d{n) is the same in fiat and in curved space-time. However, the mass relation between m 
and n, m{n), and thus the mass density of levels, ps{m), depend on the curvature of the 
background geometry considered, and they are, in general, different from the flat space-time 
string mass spectrum and the fiat space mass level density. The mass formula, m{n), is 
obtained by solving the quantum string dynamics in each space time, for example: m{n) 
and psifn) in dS are different from the respective fiat space time string mass spectrum 
and mass level density [sl-j?]. In general, the formulae m(n) and Ps(m) depend on the 
characteristic lengths in the problem: a classical length and a fundamental string length 
Is = \Jha'/c, or equivalently on their respective mass scales: = c^Ld/G (D=4) and 
rUs = is/ a'. Relevant combinations of them emerge in the mass formula m{n) as the dS, 
and AdS, string mass Ms = Ld/a' and string length Ls = h/cMg. 

From the string density of states, ps{m), the string entropy Ss{itl) is obtained for the 
different space times. An important issue is that phase transitions are found: these can be 



of the Hagedorn-Carlitz 



3l|, 



331] type but with a string critical temperature modified whith 



respect the fiat space Hagedorn temperature, and other hand, other phase transitions are 



found which are of the type of gravitational phase transitions [IJ]. The latter string transi- 
tions show a logarithmic square root branch point type of singularity for the entropy (and a 
pole singularity for the specific heat); this behavior is similar to the one found for a thermal 
self-gravitating gas of non relativistic particles (de Vega - Sanchez transition) 3J], 35|, 36| . 



651]. This string behavior is universal 29|, 66|i.e. it holds in any number of dimensions, 



and its origin is gravitational interaction in the presence of temperature (as Jean's instability 
at finite temperature but with a more complex structure). 

As a consequence of string phase transitions, string bounds emerge on the relevant semi- 
classical observables such as the Hawking - Gibbons (semiclassical) temperature 37|, [38] 
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and the Hubble constant (Sections 3 and 4). 

A string temperature Tg appears in dS and AdS backgrounds, that can be higher than 
the flat space (Hagedorn) string temperature t^. This happens when, for high masses, the 
string temperature in a given background is T^, instead of tg. Tg turns out to be a critical 
temperature for c/S", but not for AdS ( ll| - [l^, [2^ - 29|); is the precise quantum dual of 



the semiclassical (QFT) temperature scale Tgem = hc/{27rkBLce) [39\. The two temperatures 
satisfy: T, = T"^. 

In section 2, semiclassical (Gibbons - Hawking) temperature and semiclassical (Bekenstein 
- Hawking, zeroth order) entropy are introduced, in a systematic way, for BH, KBH, 
KNBH, dS, AdS, bhdS and bhAdS space times. 

In Section 3, the microscopic string density of mass levels Ps{iTi) and the full quantum 
string entropy are given for the different backgrounds. An upper mass bound Mg for strings 
in dS space time appears, but not for AdS. The effect of the cosmological constant A is to 
reduce the string entropy for a dS background (A > 0) as compared with the one in fiat 
space time; on the contrary, the entropy for string states in an AdS space time (A < 0) 
will be larger than the string entropy in fiat space. The string mode angular momentum 
j is considered for the string mass density of states pg{m,j) and the string entropy Sg{j) 
in a Kerr background. A maximal value appears for j equals to m^a'c. The effect of the 
spin mode j will be to reduce the string entropy as compared when no spin mode has been 
been taken into account. Similar behavior will have the charge mode q when strings are 
considered in a Reissner - Nordstrom background. 

As a consequence of string entropy singularities that indicate the appearance of string 
phase transitions, gravitational like phase transitions are analyzed, in particular, in Section 
4. For string states in which j reaches its maximal value, i.e. extremal string states, a 



phase transition takes place at T ^ J (j/h) tg that we call extremal transition. A smaller 



"effective string constant" appears a'j = yh/j a (and thus a higher tension). In dS 
space time, the transition occurs at the temperature Tg higher than the fiat space string 
temperature tg, i.e. the Hubble constant H "pushes" the string temperature beyond the fiat 
space time (Hagedorn) value tg. H induces a higher "effective string tension" as well. No 
gravitational string phase transition appears in AdS space time. 

Phase transitions show up as well in the thermodynamical behavior of the string partition 
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functions and in the quantum black hole string emissions for different backgrounds. 

In Section 5, a general study for the string partition functions in the different backgrounds 
is shown. The partition function, InZ, of a string gas in a curved background with critical 
temperature shows a singularity at Tsem ts or Tg, for any dimension D. Namely, InZ , for 
excited and highly excited string gas, shows a single pole temperature singularity (Hagedorn 
-Carhtz transition) at tg for (asymptotically flat) Schwarzschild black hole {BH), Kerr black 
hole (KBH) and Kerr Newman (KNBH) backgrounds. But, for dS and bhdS space times, 
InZ shows a square root branch point singularity at T, . 

In the string phase transition, Tsem Tg, that takes place for strings in dS background, 
H reaches a maximum value, Hg, sustained by the string tension a'~^ (and the fundamental 
constants h, c). The partition function has no singular behavior at for massive and highly 
massive strings in AdS and bhAdS space times, and again no phase transition appears. 

For black holes with asymptotically flat background, the phase transition occurs at a 
temperature equals to ts- For a black hole with an asymptotically dS background (bhdS) 
phase transition takes place at the temperature Tg. These phase transitions imply, for black 
hole evaporation process, an upper string bound for the Hawking temperature and lower 
string bounds for the mass and the horizon radius. Furthermore, for the bhdS case, a 
relation appears between the horizon radius and the cosmological constant. 

For bhAdS, InZ is mathematically well defined for all temperature. However, we are 
in the string regime when the semiclassical temperature reaches the string temperature Tg. 
Consequences are the existence of a minimal AdS classical length or a maximal AdS string 
length. A relation between the horizon radius and the cosmological constant appears as 
well. 

Furthermore, for a KNBH, lower string bounds for the black hole angular momentum 
J and charge Q are found, different from the upper semiclassical bounds. 

In section 6, the quantum string emission cross section by a black hole is studied. The 
black hole emission is measured by an observer which is at the asymptotic region, i.e. fiat, 
dS or AdS background. We also consider the quantum (string) black hole decay and the 
last stage of the black hole evaporation. 

The quantum string emission cross sections show first the Hawking thermal emission at 
the semiclassical temperature (semiclassical regime). As evaporation proceeds, the black hole 
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temperature increases and highly massive string states dominate the emission. The already 
known phase transitions appear again. For a semiclassical (Hawking - Gibbons) temperature 
reaching the string temperature {tg or Tg), the black hole undergoes a string phase transition 
to a microscopic stringhlack hole state, which is a condensed finite energy string state with 
finite string temperature tg (asymptotically flat) or Tg (asymptotically dS). and a size and 
mass both given in terms of the characteristic string lengths £s or Lg (Section 5). This phase 
transition, undergone by the emitted strings, represents the non perturbative back reaction 
effect of the string emission on the black hole. We see that the temperature does not become 
infinite but remains bounded by the string temperature in the asymptotically space time 
considered. Then, there is not a thcrmodynamical catastrophe in the last stage of black hole 
emission as it is the case in the semiclassical black hole approximation (when extrapolated 
to the last stage). 

For a black hole in an asymptotically AdS background, there is no phase transition at 
Tgem bhAdS — Tg, but wc are analogously in the string regime. 

Through evaporation and decay, KNBH will loose charge and angular momentum (super 
radiance like processes) at a higher rate than the loss of mass through thermal radiation. In 
general, the last stage of evaporation of a semiclassical KNBH will be a stringy state with 
(intrinsic) string temperature with zero charge and angular momentum. 

At the late stage of black hole evaporation, the black hole decays with a string width 
Vg ~ a'tg or Vg ~ a'Tg , into all kind of particles with pure (non mixed) quantum radiation 
as usual quantum strings do. 

The quantum string black hole state will have a fife time r = (Fc,.)"^. In the effective 
string framework considered here, there is no loss of information (i.e no paradox at all). 

In Section 7, by precisely identifying the semiclassical and quantum string mutual dual 
regimes, new formulae are found for the full semiclassical entropies Sgem ior EH, KBH, dS 
and ^4^5' backgrounds , as functions of the Bekenstein-Hawking entropy Sf^n- 

For a low Hubble constant, dS (and AdS) regime is alike to the classical Schwarschild 
black hole regime , i.e. in this regime the leading term to the entropy is the Bekenstein- 
Hawking (zeroth order) entropy Sf2n{H). 

But for a large Hubble constant, or high curvature dS regime, SfXi{H) is subdominant, 
and the full entropy Sgem{H) is different from the Bekenstein-Hawking entropy . Further- 
more, for H — > c/lpi (being c/lpi the Planck length), a phase transition takes place at 
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T — > Tpi ( Tp;, Planck temperature). This is again a gravitational like transition, i.e a 
square root branch point singularity at the critical temperature, analogous to the the string 
gas in dS space time. 

For AdS, contrary to dS, no phase transition occurs at T — > tpiack ( high curvature, 
|A|^/2 cjtpi, AdS regime). 

The semiclassical entropy of a Schwarzschild black hole ( J = 0) is maximal as compared 
with the semiclassical entropy for a Kerr black hole (J ^ 0). The effect of the angular 
momentum is to reduce the entropy. 

The special case of extremal black holes is clarified. The semiclassical extremal KNBH 
docs not evaporate through Hawking radiation, as the Hawking temperature is zero. Also, 
the string temperature cannot be reached, unless the extremal configuration would be al- 
ready a stringy state. The extremal black hole is, among the black holes states, the most 
stable configuration, in other words the most classical, or semiclassical, one. Thus if a black 
hole was not extremal at its origin, it will not be extremal at its end. In other words, a 
KNBH cannot become through quantum decay an extremal black hole, and the extremal 
black hole cannot be the late state of black hole evaporation. In particular, for an extremal 
KBH (J = GM'^/c), an extremal phase transition occurs at T — ^ {J /K) Tpi. This 
entropy singularity is a brach point one, similar to the extremal string transition that was 
analysed for the extremal string states in Section 4. 

Section 8 presents the Conclusions. 

2. SEMICLASSICAL BACKGROUNDS 

2.1. Schwarzschild black hole, de Sitter, Anti de Sitter, black hole de Sitter 
and black hole Anti de Sitter space times 

The D-dimensional space times, for BH, dS, AdS, bhdS, and bhAdS, are described by 
the metric (static coordinates) 

ds^ = -a(r) df + a-\r) dr^ + d^l^^ (1) 

where: 
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athdsir) = 1 - — - { — ) , ttbhAdsir) = I- — + { — ) (3) 
r \LciJ r \Lci/ 



and 

/ IGiT G M \ ^ , 271^ 



rg is the Schwarzschild gravitational radius, and Lee is given by 



= -rmzT^ (4) 



{D-2){D-1) c 



(5) 



\ 2 |A| \H 

being H the Hubble constant and A the cosmological constant (A > for dS; A < for 
AdS) 



IM ^ '^-^f ^ (6) 

2 



(if^ > 0). The horizons for BH and dS are located at Vg and respectively. It is clear 
that there is no event horizon in AdS. Horizons for bhdS and bhAdS will be considered 
later on. 

2.2. Kerr Newman (rotating charged) black hole space time 

A charged rotating black hole of mass M, charge Q and angular momentum J is described 
by the Kerr-Newman geometry ( Boyer-Lindquist coordinates = {t,r,6,(f), D = A) 

TT '2/1 

ds^ = -c' (I- )dt^-2cU Lj sin^ e dt dip + - dr^ + E dO^ + B dip^ (7) 

where 

U = rgr-Ll, S = r^ + L^cos^^, A = r2-H + L^, = (r^ + L^)^ - AL^ sin^ ^ (8) 

2GM J VGQ 

(G is the gravitational Newton constant), and Vg, Lj, Lq satisfy at the classical level, the 
inequality : 

>Ll + (10) 

This equality holds for the extremal black hole, and Eq. (fTOl) shows the classical upper 
bounds for J and Q. The two horizons are located at and r_ : 



r±='-^±[qf-Li,-L'j] (11) 
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2.3. Semiclassical (Q.F.T. Hawking) temperature 



In the context of Quantum Field The ory (Q.F.T) in curved space time, the semiclassical 



Gibbons - Hawking temperature 



37l |- [38|) is given by 



T_ = ^ ^ (12) 



where C is the length that measures the quantum size in the semiclassical - QFT regime of 



the studied backgrounds [ll| -|l5[| 



2.3.1. Sehwarzsehild blaek hole, de Sitter, Anti de Sitter, black hole de Sitter and black 
hole Anti de Sitter semiclassical temperatures 

For these backgrounds, the different Cs are given by 

CBH = 2rg , Cds = L^{H) = L^{\A\) = CAds (13) 

Cbhds = 2rg(^l-2 (-p-)' j , Cf^Ads = 2 r, (^1 + 2 (-^)' ^ (14) 

Eq. f[T^ defines the semiclassical AdS temperature Tgem Ads, which is for AdS the analogous 
of the Hawking temperature for backgrounds with a horizon. 
The black hole surface gravity /C is defined by 

= 271^ ^ 

and it can be read from Eqs. (fT3l) and (fT4|) for asymptotically flat, dS and AdS space times. 

2.3.2. Kerr (rotating) black hole and Reissner-Nordstrom (charged) black hole semiclas- 
sical temperatures 

According to Eq. f|T2l) we have 

CKBH = rgA-\l + A) , Crnbh = ^ {I + Af (16) 

where 

A 



2Lj\ ^ _ I /2LQ^2 



^ A = Wi-p^ (17) 
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(A = 1 = A for the Schwarzschild case). 

2.3.3. Kerr Newman black hole semiclassical temperature 



The semiclassical or QFT black hole temperature (Hawking temperature) is 

he — r 

Zb r\ + L-j 

which can be rewritten in the general form of Eq. (1121) , with the length C now given by 



TseMQ)-J^ ^^^^ 



where 



2Lo 2L., 



, /i^^^ , S^^l - - (20) 
with Tg, Lj and Lq given by Eq. ([9]). From Eq. ffTOl) . we have 

+ /x^ < 1 (21) 

and furthermore 

/i^ < 1 and < 1 (22) 

That is, in the semiclassical (Q.F.T) regime, one always has 

TseM Q) < TseM = = g) (23) 

which implies 

LM,Q)>2rg (24) 

The equality 

+ /i^ = 1 (25) 
corresponds to the extremal Kerr Newman black hole, Tsem{J, Q)extremai = 0. 



2.4. Semiclassical Entropy 



The Bekenstein-Hawking (zeroth order) entropy ([39|] -[40|]) is given by the general ex- 



pression [291] 



3 -m 



= \^ (26) 



- sem 
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where M. and Tgem depend on the background. 

For BH, dS, AdS, KBH and RNBH backgrounds, M is respectively (Q, Cl)- 

Mbh = M , Mds = M,i{H) = M,i{\A\) = MAds (27) 

Mkbh = M{J) = MA , Mrnbh = MA (28) 

where M, J and Q are the mass, angular momentum, and charge of the black hole; A and 
A are given by Eq. (|T71) . Md is the (classical) mass scale of dS and AdS space times 

Ma = ^ {D = 4) (29) 

being G the Newton gravitational constant and L^e given by Eq. 

3. QUANTUM STRING ENTROPY 

In a given background, the full entropy of quantum strings Sg is related to the microscopic 
string density Psijn), and it is defined by 

Psijn) = e ''B (30) 



3.1. Entropy for quantum strings in asymptotically fiat space times, de Sitter 
and Anti de Sitter backgrounds 

In order to derive Ps(m), we notice that the degeneracy dn{n) of level n (counting of 
oscillator states and no spins considered here) is the same in flat and in curved space time. 
The differences, due to the space-time curvature, will enter through the relation m = m{n) 
of the mass spectrum. Asymptotically, for high n, the degeneracy dn{n) behaves universally 

as 

dr,{n) = n-^' ^ (31) 

where the constants a' and b depend on the space time dimensions and on the type of the 
strings. For example, for closed bosonic strings (non compact dimensions) 



m-2 , D + 1 

b = 27iJ , a' = ^— (32) 
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The density Ps{fn) of mass levels and the level degeneracy dn{n) satisfy 



m 



psim) d \ — = dn{n) dn 



(33) 



where is the fundamental string mass 



(34) 



V a'c a' 

being a' the fundamental string constant {a'~^ is a mass hnear density) and Is the funda- 
mental string length. 

The mass formula m(n) and the mass density of levels Ps{fn) are obtained by solving 
the quantum string dynamics in the curved background considered. In general, these mass 
formulae for quantum strings, in any background, can be written as 



[—f ~ g{n) 



and 



Ps[m) 



m 



g'in) 



(35) 



(36) 



n=n(m) 



For flat, dS and AdS backgrounds, g{n) can be read from the r.h.s of the following equations 
(closed bosonic strings) 



CKgrOUE 

ff-Q 



9{n) 



flat 



m \ 



9{n)ds = { — 



9{n)Ads 



m 



4 n 



4 n 



1 -n 



1 + n 



Ms 

Ms 



2i 



(37) 
(38) 
(39) 



where Ms is the characteristic string mass in dS (A > 0) and AdS (A < 0) space times 

c 



a' \H\ a' 

Furthermore, Ms defines the quantum string dS {AdS) length L^: 

n 



(40) 



and the string dS (AdS) temperature T^: 



27lkB 



Ms 



Ms c 



he 1 



1 



27ikB Ls 2nkB \H\a' 



(41) 



(42) 
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Ts is the critical string temperature only in dS space time, as it is shown in Sec. 4, Sec. 5 and 
Sec. 6 below. 



From Eqs. (15Bil and 



AdS space times 



13| - (l5| 



- (15^ . we derive the string mass density of levels in flat, dS and 



/ X / ''^ \ / m \-a b(_m_] 

p{m),jiat = Ps[—) ^ [—) e-^^rnj (43) 



m 



where a = 2a' — 1, and 



A.. ^1.(9^ (46, 

(=1= for dS and AdS respectively). We see that is an upper mass bound for the strings in 
dS background. For strings in flat and AdS space times there is not a mass bound. As the 
Schwarzschild black space time is asymptotically flat, the a^rnptotic string mass density of 
levels will coincide with the one in Minkowski space time 8], |9(]. 



Let us introduce the (zeroth order) string entropy S*^") in flat space time : 
where 

ts = (? = T- ^ (48) 

' hkB iTiksU 

{h = (^/2vr) Ig) being tg the flat space string temperature. For flat and (asymptotically flat) 
BH, dS and AdS backgrounds, the density of mass levels can be written in terms of S^^^ as 

Ps{m) ~ (-^) ' (49) 

^ Kb ' 







1 + aJ 




^ ks V 





Ps{m,H) ^ —^1—^ [^^1-^-^] eV'=i^V--^y (50) 



m I 2 \ ( M, /A, -1\ " fMi,/lHI 



( bMs n 

\—y- 



From Eqs. ( l30ll and ( l49l) - ( ISTj) . we can read the full string entropy Sg in flat and (asymp- 
totically flat) BH^ dS and AdS backgrounds respectively in terms of Sf^ 

SsjUm) ^ Sg{m) = Sf\m) - a fc^ In {^±!^) (52) 

Kb 
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SsM^^H) = Ss^''\m,H) -akB In (^^^Jl!^) _ \nF{m,H) (53) 

Kb 

S,,Ads{m, |A|) = Ss^'\m, |A|) - a fc^ In ("^'I^D ) _ inF(m, |A|) (54) 

where for Eqs. fl53l) and fl54l) 

4^°^(m) = ^f //(^ , F(m)^ v^(1t4x2)/(x) (55) 
(=F for dS and ArfS" respectively) being x the dimensionless variable 

^<'"- 1*1) - 2(14) = 6M:1^ (56) 

and 

/(x) = (57) 

where is given by Eq. fH^ (see Eq. (I3B]) ). 

The entropy S's_d5'(m, if) of string states in dS space time is smaller than the string 
entropy for if = 0. The effect of the Hubble constant is to reduce the entropy. On the 
contrary, the entropy Ss^Adsi^, \M) of string states in AdS background is larger than the 
string entropy in flat space. The effect of a negative cosmological constant is to increase the 
entropy. 

3.2. Entropy for quantum strings in Kerr and Reissner - Nordstrom black 
holes space times 

The string entropy Ss{j) in a Kerr background is given, in terms of the string mass density 
of states ps{m,j), by 

Psim,j) = e "B (58) 



where the string mode angular momentum j is considered. This is a generalization of Eq. (130 



where no spin was considered. The density of levels d{n, j) of leve^ 
in fiat and in curved space-time, and, for large n, it is given by 



n and mode j is the same 



42|, |43| 



d{n, j) ~ n-*^' A;2'''e'^ ^ ^ ^ (59) 

cosh^ IV^il^ 



where 



A,(n,i) = Wl-^ , j<hn (60) 
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The string mass density of states ps{m,j) and the density of levels d{n,j) are as usual 
related by 

Ps{m,j/h) d{m) =d{n,j)dn (61) 

The mass spectrum of strings in asymptotically flat spacetimes, as the black hole background, 
is the same as the fiat spacetime string spectrum (Eq. ( 1371) ) [ill]. From Eqs. ( l59l) and ( l6T|l 
we have for closed strings 

Ps(Th,j/h) ~ m-''A-;-'e^'^y^) 7 ^ (62) 

cosh^ 2^ I 



where 



As{m,j)=A,j = Jl-^^ , 4j<mVc (63) 
V m^a c 



From Eq. ( |62l) . the asymptotic mass density of states can be written as 

Ps{m,j/h)r^Ps{rh)F{m,j/h) (64) 

where Psifn) is the spinless flat mass density of states (Eq. (143!) ) and 

b - 1 

F(m, jy/i) = A-^-'e-^"^^ ^ (65) 

cosh^ 

F{m,j/h) takes into account the effect of the angular modes j, being F{m,j = 0) = 1. 

With the help of the zeroth order string entropy S^^^ (Eq. (1471) for j = 0), Eq. (l62l) can 
be expressed as 

q{o) _ {s'^°'>\ 

Ps{m,j) ~ (-^)~'^ el^^ F{Si'\j) (66) 

with 

F(Sf ,j) = AsT'e^^ (67) 

cosh^ ' ^ ^ 



4fcs As 



Asj now reads 



Therefore, from Eq. (l58l) . the string entropy Ss{m,j) in the Kerr background is given by 

q(o) 

Ss{m,j) = 5f - a A;^ In ( ) + A;^ lnF(5f, j) (69) 
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That is, 



Ss{m,j) = -a fcs In ( )-(a+l) A;^ In A,-2 fc^ In cosh 



4:kB A,j 

(70) 

Notice that the last term In F{S^^\j) in Eq. fl69|) is enterely due to the angular momentum 
j 7^ 0. The logarithmic terms have a negative sign. For j = 0, we recover the fiat full entropy 
expression. For Agj 7^ 0, the entropy Ss{Tn, j) of string states of mass m and mode j is smaller 
than the string entropy for j = 0. The effect of the spin is to reduce the entropy. Ss{m,j) 
is maximal for j = (ie, for A^j = 1). 

It is instructive to express Ss{m,j) in terms of the quantity Sl^\m,j) for j 7^ : 

Si'\m,j)=^-{l + A,,)Si'^ (71) 

Then, Ss{m,j) expresses as 

S,{m,j) = Si'\m,j) -aksln( ) + ks lnF(Sf , j) (72) 

^ kB ' 

with 

F(5f),j) = {^-^y e\-^)^ F{Si'\j) (73) 

(For J = 0: F = F = 1 and Si^\m,j = 0) = 5^°)). 

Explicitely, in terms of the zero order entropy for j 7^ 0, SlP\m,j): 

1 SJ_\ \l + A,J kgA.j 



The argument of the last (In cosh) term in Eq. fl7UI) is 

^ (1-A^^.) ^J^j^^_^jm, 

^kn A,, 4A,, 5(0) 4A,, h m ^ ^ 

For j'//;, < {m/msYi and m ^ m^, that is for low j and very excited string states, 
S'f\m,j) is the leading term, but for high j, that is j m'^a'c, ie A^j — > 0, the situation 
is very different as we will see. 

Moreover, Eq. (!72l) for Ss{m,j) allow us to write in Sec. 7 the whole expression for the 
semi classical Kerr black hole entropy Sgem, as a function of the Bekenstein- Hawking entropy 
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Similarly, the entropy of strings in a Reissner-Nordstrom background is given by 

Ss{m,q) 

Psim,q) = e '^B (76) 

where Ps(m, q) is the string density of states of mass m and charge mode q. 
For large m, ps{m, q) 4^ {D = 4) is given by 



p.Kg)~p.(m) exp{^-^-^} (77) 

Eqs. (CD - dZZD yield: 

S.irn, «) = SM) - 1^ = S<») - a In Sf - |^ (78) 

where Ss{m) is the entropy for g = Eq. (15^ . and 5"^°^ its leading term (Eq. fH7|) ). 

The string entropy ^^(m, g) of mass m and mode charge g is smaller than the entropy for 
g = 0. As the effect of the spin mode j, the effect of the charge g is to reduce the entropy; 
the g-reduction is proportional to g^, while the j-reduction to the entropy is linear in j plus 
logarithmic corrections. 

4. GRAVITATIONAL STRING PHASE TRANSITIONS 

String phase transitions for black holes and dS space times will be dealt at length in Sees. 
5 and 6. But, in this section, we want to stress the appearance of gravitational like phase 

self-gravitating gas of (non relativistic) 



transitions, similar to the one found for a thermal 



particles (de Vega - Sanchez phase transition) |34| - 



36| 



4.1. Extremal string states and phase transition 

If we consider string mode angular momentum j for the asymptotic string mass density 
of states in fiat space time and in a Kerr background as well, we define "extremal string 
states" the states in which j reaches its maximal value, that is j = m^a'c. Then the term 
S^^\m,j) is minimal: 

S^J'\m,j),,tremal = ^Si''> (79) 

and Ss{m,j) extremal {{j /^) [m/msf) is dominated by 



Ss{m,3)extremal = "(« + 1) ks lu ( ^f^T-^jrf^^s ) + 0(1) (80) 
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(T = mc^ I ksb). This shows that a phase transition takes place at T ^ y (j/^) ts, and 
we call it extremal transition. Notice that this is not the usual (Hagedorn/Carlitz) string 
phase transition occuring for m — > oo, T — t^; although, such transition is also present for 
j 7^ since ps(m, j) has the same m — > oo behavior as ps(m). 

The extremal transition we find here is a gravitational like phase transition: the square 
root branch point behavior near the transition is analogous to that found in the thermal 
self-gravitating gas of (non-relativistic) particles (by mean field and Monte Carlo methods). 
This is also the same behavior found for the microscopic density of states and entropy of 
strings in de Sitter background (Sec. 3). 

A particular new aspect here is that the transition shows up at high angular momentum, 
(while in the thermal gravitational gas or for strings in dS space time as we shall see, angular 
momentum is not considered, (although it could be taken into account)). 



Since j 0, the extremal transition occurs at a temperature tgj = yj/h ts, higher than 
the string temperature tg. That is, angular momentum, which acts in the sense of the string 



tension, appears in the transition as an "effective string tension" : a smaller a'j = yh/j a 
(and thus a higher tension). 

4.2. String phase transition in de Sitter space time 

Strings in dS and AdS backgrounds have a very different behavior at string temperature 
Tg and energy range Mg, as we saw from the string entropies in both spaces (Sec. 3). 
For m ~ Mg, the string entropy in dS (Eq. (1531) ) behaves as: 



Sg^ds{m, H)mr^Ms = knlnJ J^' — - - /i;^ In 2 + ^^5-7= (— ) - afc^ln (— ) (81) 



Or, in terms of temperature : 



SgMT,H)T^T. = ksln^ -kB\n2 + ks^ (^) - aksln (^) (82) 

(T = mc^ / 2'KkB)- We see that a phase transition takes place at m = M^, ie T = 
Tg. This is again a gravitational like phase transition, with a square root branch point 



singular behavior near the transition. This string behavior is universal [29|: the logarithmic 
singularity in the entropy (or pole singularity in the specific heat) holds in any number of 
dimensions, and its origin is gravitational interaction in the presence of temperature, similar 
to Jeans's instability at finite temperature but here with a more complex structure. 
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The transition occurs at the temperature Tg (Eq. (H2|) ) higher than the (flat space) string 
temperature tg (Eq. fHH]) ): 

This is so since in dS background, the flat space string mass (Hagedorn temperature 
tg) is the scale mass (temperature) in the low Hm regime. But for high masses, the critical 
string mass in dS is Mg, instead of mg] and the critical string temperature in dS is Tg instead 
of tg. In dS, H "pushes" the string temperature beyond the flat space (Hagedorn) value tg . 

By analogy with tg, Tg can be expressed as 



1 hc^ , h /2'K Ha'\2 ^ 

a^ = -(— ) (84) 



bkB V Oi'n b c 

That is, H, which acts in the sense of the string tension, induces an "effective string tension" 
(a^)~^ in the transition temperature : a smaller a^, (and thus a higher tension). 

The effect of H in the transition is similar to the effect of angular momentum we just 
shaw. 

When m > Mg, the string does not oscillate (it inflates with the background, and the 
proper string size is larger than the horizon [4^-j43]). The meaning of the string de 
Sitter phase transition (Eq.f lSlI) or ( l82l) ) is the following: when the string mass becomes Mg, 
it saturates de Sitter universe, the string size Lg (Compton length for Mg) becomes L^, and 
the string becomes classical " reflecting the classical properties of the background. Then, 
Mg is the mass of the background M^i (Eq. fl29|) . with a' instead of G/c^): in other words, for 
m —>■ Mg the string becomes the ^^background" . Conversely, and interestingly enough, string 
back reaction supports this fact: Mg is the mass of dS background in its string regime, and 
a de Sitter phase with mass Mg (Eq. ( I40l) ) and temperature Tg (Eq. (H2l) ) is sustained by 
strings [2^. {Lg, Mg, Tg) Eqs. P0l) - (l42l) are the intrinsic size, mass and temperature 

of de Sitter background in its string (high H) regime. 

4.3. Absence of string phase transition in Anti de Sitter space time 

For strings in AdS background there are not phase transitions at string temperature Tg 
and energy range Mg, but strings will become the background as well. 

From Eq. (H5|l . we see that for very large m (m ^ Mg) the leading asymptotic behavior 
of the AdS string mass density of states Pg,Ads{^, \M) grows like ~ ^y/^T-c'^/lHin instead of 
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gm/rris gpg^Qg time (Eq. ( H3|l ). The ArfS* string mass density of states, Ps,Ads{n^, |A|), 

expresses in terms of the typical mass scales in each domain: m/ms (as in fiat space) for low 
masses, Ms/rris = {c/\H\)^c/ha' for intermediate masses, \fmM'slrns = c^Jm/h\H\ for very 
high masses, and there is no extra singular factor for high masses as it is the case in de Sitter 
space. Notice that for the very heavy strings, the mass scale turns out to be determined 



by h\H\/c^ and not by \Jh/a'c. The above new features translate into the excited string 
entropy behavior. 

In fact, for intermediate or high masses m ~ M^, and for very high masses m ^ Mg [Mg 
is no longer a mass bound), the entropy behaves respectively as: 

Ss,Ads{m ~ Ms) = kB (&— ) - akB In (^) (85) 




(86) 



(6 = &((v^ — l)/2)^/^). Or, in terms of temperature : 



Sg^Ads{T ~ Tg) = ( ^) - In ) (87) 



(T = m(? I 27TkB). From Eqs. fl85l) - (!86l) or (!87I) - (!88l) . we see how the entropy behavior in 
{m/rrig) - which in AdS background is a low mass or low curvature behavior {\A\^/'^ma' / c « 
1) - , does become Mg/nig, and then split into the highly excited entropy behavior \/mMg/mg 
in the high mass or high curvature (|A|^/^mQ;'/c >> 1) regime. Therefore, as |A|^/^m 
increases we have the following behavior : m/irig — > Mg/uig —>■ ^/mMg/nig. 

Furthermore, there is no critical string temperature in AdS background, while we shaw 
that there exists a critical string temperature in de Sitter background. Summing up: The 
density of states and entropy do not show any singular behavior at finite mass or temperature 
in AdS background. We will see, in the following sections, that there is a critical temperature 
in the black hole backgrounds as well. 

However, for m ~ M^, the string is as massive as the background, in other words, the 
string itself becomes the background, or conversely, the background becomes the string. 
As a consequence, Mg and its corresponding temperature Tg must be truly considered in 
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practice as limiting values for the string mass and string temperature respectively in AdS 
background. 

Analogously to the dS case, when the string mass becomes Ms,the string size Lg (Compton 
length for Mg) becomes L^e, the string becomes classical" reflecting the classical properties 
of the background, or the background becomes quantum. Mg is the mass of the background 
Mci (Eq. (129!) ). and for m Ms the string becomes the background " . Conversely, string 
back reaction supports this fact as well: Ms is the mass of AdS background in its string 
regime, and an Anti de Sitter phase with mass Ms (Eq. (HOj) ) and temperature (Eq. (H2!) ) 
is sustained by strings . {Lg, Ms, Tg) are also the intrinsic size, mass and temperature of 



AdS background in its string high |A|^/^ regime 15|. 



5. STRING PARTITION FUNCTION AND STRING BOUNDS IN DE SIT- 
TER, ANTI DE SITTER AND BLACK HOLES BACKGROUNDS 

The canonical partition function is given by (no string angular momentum j considered 
here) [33| 



m 



} 



(27r)^-i7mo ^rug^ ' J \i-exp[-ps. 

(89) 

where supersymmetry has been considered for the sake of generality; D — 1 is the number 
of space dimensions; Ps(m) is the mass density of states in fiat or (asymptotically fiat)i?if 
space times, dS and AdS backgrounds ((Eqs. fH^ - fH5]) ): Psem = (^sT'sem)"^ and T^em is the 
semiclassical temperature Eq. (JT2l) : mo is the lowest mass for which the asymptotic behavior 
of Ps{m) is valid. 

Considering the asymptotic behavior of the Bessel function K„{z) 

Ku{z) ~ (^)' (90) 
and the leading order, n = 1 (higher excited modes: [3gem m ^ 1), we have 

(the factor 2 comes from supersymmetry, as leading contribution is the same for bosonic 
and fermionic sectors). 
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5.1. Partition function and string bounds in de Sitter and Anti de Sitter space 
times 



We know that the mass density of levels |A|) has a different behavior from the ones 

in flat space time, ps{m), and in dS background, ps{m,H). It is crucial to remark here 
that Ms (Eq. (HOj) ) is an upper mass bound for strings only in dS but fixes a mass reference 
in AdS space time, beyond which AdS string states become highly massive. Let us then 
analyze InZ, at significant mass ranges in relation with the string dS{AdS) scale Mg. 

For m <^ Ms, Ps(m, H) and Ps{fn, |A|) have the same leading behavior which is given by 
the fiat space solution ps{m). From Eqs. fH3|) and fl9T]) . we have for any D-dimensions 

-D — 3 

(27r)— {(3se^ n^)— iPsem ' Ps)c^ 



where (3s = {ks ts)~^, ts is given by Eq. (SHI), and (3sem = Psemds or (3sem = PsemAds (Eqs. 
and ([13]) ). 

We see that the canonical partition function, for low \H\m <^ c/a', shows a pole singular- 
ity at Tsem ts- This transition, near the flat space string temperature tg and for any space 
time dimension D, is common for the string transition in fiat space time (Carlitz/Hagedorn 



transition [3l|, [33|) or far from the black hole in the BH space-time, and for the string 
transition in the low curvature regime of dS and AdS space times. For low temperatures 
Psem ^ Ps, (i-e. Tsem ^ ts), wc recovcr the non singular Q.F.T exponential decreasing 
behavior characterized by Tsem- 

In Z ~ Vn-i { , ) e-^-- (93) 

For m ~ Ms, the leading behaviors for the canonical partition function InZ for dS and 
AdS backgrounds are : 



{Psemnc) V 



3-D 



(lnZ)^^M^(A6/^) - D^ 1 b ^^^^ 

where /Jg^s = (ksTs)^^ = PsAds, being the string (iS'(y4(iS') temperature (Eq. 
For strings in dS, we rewrite Eq. flM|) in terms of the temperature 

D-l I 7^ — 

em 1 

he 



{\nZ)r^rAdS)r^Vn-J^^] i/l - ^ (96) 
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Eq. (p6|) shows a singular behavior for Tsem Tg which is general for any space-time 
dimensions D; this is a square root branch point at Tsem = Tg. That is, a phase transition 
takes place for T^em Tg, which implies M^i m^, is (Eqs. (IMl) and (HSi) ). 

Furthermore, we see from Eq. fl^B]) that Tsem has to be bounded by T, (T^em < ^s) ■ 
In fact, the low mass spectrum temperature condition Tgem < ts (Eq. (1^ ). and the high 
mass spectrum condition Tsem < Ts (Eq. (!96|) ) both imply the following upper bound for 
the Hubble constant H (Eqs. (|5D. ([121). (|34D. (|4T]). and 

> is, i.e., < f (97) 

In the string phase transition, Tsem ~^ that takes place for strings in dS background, 
H reaches a maximum value sustained by the string tension a'~^ (and the fundamental 



constants h, c as well) |14| : 



Hs = c^, (i.e., As = ^iD-l){D-2)) (98) 

The highly excited (m — * M^) string gas in dS undergoes a phase transition at high tem- 
perature, Tsem — > Ts, into a condensate stringy state. Eq. (l98l) means that the background 
itself becames a string state. In Sec. 4, we showed, from the entropy Ssds, that precisely at 
T = Ts {m = Ms) the string of mass m in rfS* space time undergoes a phase transition at 
m = Ms and becomes the background itself. 

QFT and string back reaction computations support this fact: dS background is an exact 
solution of the semiclassical Einstein equations with the QFT back reaction of matter fields 
included 48|] - 58|], as well as a solution of the semiclassical Einstein equations with the string 
back reaction included for Tsem Tg, the curvature R = R{Tsem,Ts), yields the QFT 
semiclassical curvature Rsem (low H or semiclassical regime), and for Tgem Tg it becomes a 
string state selfsustained by a string cosmological constant (Eq.( l98l) ). The leading term of 
the de Sitter curvature in the quantum regime is given hy Rg = D {D — \) c/ t^g plus negative 



corrections in an expansion in powers of {Rsem/Rs) 13|. The two phases, semiclassical and 



stringy, are dual of each other in the precise sense of the classical-quantum duality [13|, 28|. 

For strings in AdS space time we can consider the m ^ Ms mass range as well, and the 
leading behavior for the canonical partition function In Z (AdS) is similar to the m ~ Ms 
behavior: 

3-D 

(lnZ)„>>M.(Arf5)~— e-'-^ (99) 

{2n) — {hpsemC)^-^ \PsAdsJ 
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We see that the canonical partition function for a gas of strings in a AdS background 
is defined for all temperature. The partition function, In Z{AdS), for excited and highly 
excited strings in a AdS, does not feature any singular behavior at T, in contrast to the one 
in flat space time which shows a single pole temperature singularity (Carlitz transition), and 
to the string partition function in dS space-time which shows a branch point singularity. 
There is no string phase transition at Tg for massive and highly massive strings in AdS 
space-time, that is for \A\^^'^ma' / c ~ 1, contrary to strings in dS space time. Nevertheless, 



Ms marks the beginning of the string regime for the AdS case [l5j. 

The results of this subsection will allow us to consider the string regimes of a black hole 
in dS (AdS), or asymptotically dS (AdS), backgrounds. This will lead to string bounds for 
the semiclassical (Hawking-Gibbons) temperature and the black hole radius. 

5.2. Partition function and string bounds in black hole backgrounds 

We consider in this subsection the partition function and bounds for the following cases: 
The Schwarzschild black hole (asymptotically flat space time), the black hole in a asymp- 
totically dS (bhdS) and AdS (bhAdS) backgrounds, and the rotating charged black hole 
(KNBH). 

5.2.1. In Schwarzschild black hole space time 

We have already said that the Schwarzschild black hole space time is asymptotically flat. 
The partition function is given by Eq.( |89l) . with the asymptotic string mass density of levels 
which coincides with the one in Minkowski space time (Eq.( l43l) ). 

For Tsem < ts (Eqs.([I2), (ffSD and (HHD), InZ is given by Eq.([nS]). For T^em ^ ts, InZ 
behavior is reproduced by Eq. (!92|) . This singular behavior for Tgem — ^ is, and all -D, is 
typical of a string system with intrinsic Hagedorn temperature, and indicates a string phase 
transition at tg to a condensed flnite energy state. 

As the deflnition of the partition function implies the condition Tgem < tg on the semi- 
classical, or Hawking, temperature, and Tgem depends on the black hole mass M, or on 
the horizon Vg, this condition provides lower bounds for the mass and the horizon radius 



(minima mass and radius) 11 1 



Ij. - (100) 
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and 



mpi 



b rripi 



21 PI »7r m., 

where mpi and Ipi are the Planck mass and length 



;ioi) 



mpi 



Ihc 



rrtpi c 

It is interesting to notice that the effect of quantum string matter is to decrease t 
hole mass and horizon, and to increase its temperature: life time becomes shorter 



(102) 
le black 



5.2.2. In black hole - de Sitter space time 

The black hole-de Sitter (bhdS) background tends asymptotically to de Sitter space- 
time; and, asymptotically i.e far from the black hole, the string mass density of states 
is ps{m,H) (Eq. (j44])). Then, we substitute Psem in Eq. ([89]) by Psem bhds (Psem bhds = 
{kpTsem bhds)~^)- The black hole (Hawking) temperature Tsem bhds will satisfy: Tsem bhds < 
T„ (Eqs. dS]), dUD, (USD, dlH]) ), which leads to 



ci J^bhdS 



(103) 



This implies the following condition 

H 



< 



2r„c 



(104) 



The bound would be saturated for a gravitational radius satisfying 

2 Lrf 1 

- 1 -I- r, 
which yields the physical solution 



(105) 



1 

2 P 



1 + 



For Lre ^ ^, we have 



'a — 



2 L, 



l + 0(- 



, ie. 2rg ^ —il = 
c 



(106) 



and for L 



c£ — <-s 



2rg = 0.73 



(107) 



(108) 
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Eq. fll04p shows the relation between the Schwarzschild radius and the cosmological 
constant (Eq. Qj) when Tgem bhds Ts (string regime). We see that a black hole in dS 
space time allows an intermediate string regime, not present in the Schwarzschild black 
hole alone {{H = 0)), since in the bhdS background there are two characteristic string 
scales: Lg and ig. We have seen that , in an asymptotically fiat space-time, the black hole 
radius becomes is in the string regime. In an asymptotically dS space time, when Tgem bhds 
reaches Tg , the black hole radius Tg becomes the de Sitter string size Lg. If the de Sitter 
radius L^^ reaches L^, (which implies L^i = is), then Vg becomes determined by the scale 4 
(Eq.dSID) Q. 

5.2.3. In black hole - Anti de Sitter space time 

Analogously to the previous cases, the black hole-Anti de Sitter {hhAdS) background 
tends asymptotically, far from the black hole, to AdS space-time. Asymptotically, far from 
the black hole, Ps{m, |A|) is the string mass density of states for bhAdS (Eq. fH5l) ). Then, for 
the partition function of a gas of strings, far from the black hole in the bhAdS space-time, 
we substitute Psem in Eq- (l89l) by /3sem bhAds, i-e. by the the black hole temperature in AdS 
space time Tsem bhAds (Eq- (111!))- There is no strict bound T^em bhAds < emerging from 
the string partition function (Eq. ( l89l) ) in the bhAdS case, since the bhAdS string partition 
function is mathematically well defined for all temperature. However, the regime when the 
semiclassical temperature Tsem bhAds reaches the string temperature Tg truly characterizes 
the string regime of the bhAdS background. From Eqs. (|T^ and (H2|) . the condition 



sem bhAdS -'■ 



(109) 



yields : 



i2 



Let L, 



(110) 



s 



bhAdS 



which implies the following equation 




(111) 



Thus, the black hole gravitational radius Vg satisfies 




(112) 



with the solution: 
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Both rg_|_ and r^. are physical roots provided: 

T \. 9I/4 n — T 
^cl ^ -ts — ^cl rain 



1.189 



(114) 



That is, there is a minimal AdS classical length L^l min, or a maximal AdS string length 



r < 0-1/4/7 — r 

-'^s ^ — -^s max 



For Lee > -^^rf min, rg+ and r^. are : 



'9+ 



0.841 



2 L 



which in terms of L, read: 



' 9+ — 



On the other hand, for 



'9- — 



1 ha'H 



le rg+Vg. 



7"2 



2 2c2 

-^c^ min = 2^/'^ £s (or Lg = L 



(115) 

(116) 
(117) 

(118) 



r„ ± are: 



L 



'9+ 



^9- 



— r — ^ _ n 841 P 



(119) 



Eq. (11131) shows the relation between the Schwarzschild radius and the cosmological constant 
(Eq. ([6])) when Tgem bhAds = Tg ( bhAdS string regime). Also a black hole in AdS space time 
allows also an intermediate string regime, not present in the Schwarzschild black hole alone 
((if = 0)), since in the bhAdS background there are two characteristic string scales as well: 
Lg and ig. In an asymptotically AdS space time and when Tg^m hhAds reaches Tg , the black 
hole radius becomes either rg+ or r^., depending on the AdS string size Lg. Then, when 
the AdS characteristic length L^e reaches its minimal value, Vg becomes uniquely determined 
by Cg^ as given by Eq.f lll9p . In addition, the bhAdS string regime determines a maximal 
value for H : Hmax = 0.841 c/ig 

Finally, the bhAdS string regime is larger than black hole de Sitter (bhdS) string regime. 



Notice the differences between the bhAdS and bhdS string regimes 



15|: 
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(i) Only one root {vg-.) is present in the bhdS string regime. 

(ii) There is no condition such as Eg. (11 141) or flllSp for or Lg in the bhdS string regime, 
ii) In the bhdS space time, when Tgem hhds reaches T,, the black hole radius Vg becomes 

Lg. Then, when = ig, is minimal and determined by ig too, {vg rnin = 0.365 ig). 

In contrast, in the hhAdS background, L^i cannot reach ig, L^i min is larger than ig 
(Eq. flll4p ). The minimal black hole radius in AdS space-time, Vg min = 0.841 ig, is larger 
than the minimal black hole radius in de Sitter space: 

' g min bhAdS 

2.304 rg min bhdS (120) 



5.2.4. In Kerr- Newman black hole space time 

For Kerr-Newman background the canonical partition function is: 



1 + exp 1 


- f^semlirn^C^ 






1 — exp 1 


- l3sem[{m'^C^ 







^ J ll-exp{ -/5,e,n[(mV + ^Vc2 

(121) 

where Psij^iJi^l) is given by Eqs. (1M|) and (1771) . here Tgem = Tgem{J,Q) (Eq. (ITSI) ) and 

^ /ia, qa and ja and are the chemical potential, charge, and angular 
momentum (about the axis of rotation of the black hole: j = Ucfi) of a string mode a 
respectively; mo is the lowest string mass for which the asymptotic string density of mass 
level is valid, and is the fundamental string mass scale (Eq. flMl) ). 
The chemical potential is given by 

/^a = + (122) 

where VL and $ are the Kerr-Newman angular velocity and electric potential respectively [l^ : 



From Eq. (11211) we have 



= (o-rr\D/2 m 1) ^^ {^^ A^l^ / )Ps(m, j, g)m^/2irz5/2[/?ser„(2n-l)mc2 



(124) 
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being -ft'z)/2 the modified Bessel function. Considering tlie leading order {Psem ^ 1) and 
tlie asymptotic flat behavior of the string mass density of states, the leading contribution 
for the partition function is 

In Z ^ ^^Vi "^Kj^ E e^'™'''^ r dm m(-'^+ V) e-(/^-'"-/5=)--' (125) 

(27r) 2 {P^^^h ) 2 •^'"o 

where (3s = {kBts)"^ (Eq- (HHl) ). As already mentioned, the factor 2 in front of Eq. f ll25p 

stands for both bosonic and fermionic strings included (otherwise, this factor is absent for 

either bosonic or fermionic strings). Eq. fll25p implies that the black hole temperature 

Tsem = Tsem{J, Q) IS bouudcd by the string temperature t^: Tsem{J, Q) < is- 

Finally, for Tsem{J, Q) < ts {Psem > Ps) and T^emiJ, Q) iPsem ^ Ps), the partition 

function behaviors are respectively 



\nZc:^VD-i[ ^) ' ^e^^^'"'^" e-/3.e™moc2 ^^26) 



a 

and 

m 



^2nfJsri ' a [{(3sem- (3s)msC^ 

analogously to Eqs. (jHSD and fl^ . but here with the semiclassical temperature Tsem{J,Q)- 
Eq. (11271) shows an universal pole singularity for any D at the temperature tg, typical of a 
string system with intrinsic Hagedorn temperature, and indicates a string phase transition 



of Carlitz's type 33| to a condensate finite energy state, i.e the transition takes place at 
Tsem{J, Q) = tg towards a microscopic finite energy condensate of size range Ig. This stringy 
state forms, at the last stage of black hole evaporation, from the massive very excited strings 
emitted by the black hole, as we will show from the string emission cross section computed 
in Sec. 6 below. 

We have just seen, from the canonical partition function Eq. (I125p . that the Kerr New- 
man black hole temperature (Eqs. (fT2!) and (fT9|) ) is bounded by the string temperature tg 
(Eq. fHH]) ). Therefore, the string bound 

TgemUQ)<ts (128) 



implies 

Eqs. (DS]) and (US]) yield 



LciUQ)>L (129) 



— >5a, a = ^ - 1 (130) 
2 r„ 
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The above relations (Eqs. (I129P and (11301) lead to three different situations |12| : 

(i) cr < 1 (i.e. Tg > ls/'2). In this case, the inequality Eq. (11301) is satisfied for all 
nonvanishing values of /i and v. 

Then Tsem{Ji Q) < ts is always verified without restrictions on J and Q. 

(ii) (7=1 (i.e. Tg = ls/'2). One has /i = = z/ (with L(.t{J = = Q) = 2rg = f^, 
Eqs. ([19]) and dH]) for the equal sign in Eq. (I130p : and /i 7^ 0, i/ 7^ or (/x 7^ 0, z/= 0), or 
(yU = 0, 1/ 7^ 0) for the strict inequality. 

Then Tsem{J, Q) < ts with any value of J and Q excluding both J and Q simultaneously 
equal to zero. The string limit Tsem{J, Q) = ts is reached with both J = and Q = 0. 

(iii) a > 1 (i.e. Vg < /s/2). In this case, two critical values, /iq and uq, appear for the 
angular momentum parameter fi and the charge parameter u respectively. They are given 
by 

and 

z/2 = 2 (1 - (T^ + aV(T2 - 1) (132) 

If z/ > z/q, Eq. (11301) is fulfilled for all fi's and saturated for u = uq and /i = 0. In the 
opposite case i.e. z/ < z/q, one must have /i > /io- Here, Lci{J, Q) = if /i = /^o- 

In this case, there exist a critical value for the charge, Qq, and a critical value for the 
angular momentum, Jo'. For Q > Qo, Tsem{J,Q) < i^s holds for all J; the string limit 
Tsem{J, Q) = ts is reached for Q = Qo and J = 0, and Qo is given by 

Ql = j (4M2 - (Ms - 2Mf + (M, - 2M) ^/(M, - 2M)^ - 4M2^ (133) 

Otherwise, namely if Q < Qo-, there is a minimal angular momentum, J > Jo, given by: 

J, ^ S^{{M.-2Mf-Ur-) (l-^)-g/! 

° (M, - 2M)^ 

(Ms = /G) Is). Here, the limit Tsem{J, Q) = ts is reached for J = Jq. 

From this analysis we can conclude that - given a semiclassical Kerr Newman black hole 
with mass M, angular momentum J, charge Q and temperature Tsem{J,Q) < ts - there 
are three possible cases for its evolution into a string state with temperature T^: 

(I) If > ^, J 7^ and Q 7^ 0, the semiclassical Kerr Newman black hole reaches a string 
state of temperature tg, mass M = Mg/A, angular momentum J = and charge Q = 0. 
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(II) If < ^, J 7^ and Q > Qo {Qo being the critical value Eq. fll33p ). the string 
temperature tg is reached with J = and Q = Qq. 

(III) If < J > Jo and Q < Qo, the string temperature ts is reached for J = Jq, being 
Jo the minimal value Eq. f ll34p . In this string state both angular momentum and charge are 
different from zero. 

The final conclusion is that, besides the classical upper bounds implying a maximal 
angular momentum and maximal charge for the black hole (Eq. ffTOl) ). there are minimal 
values for the Kerr Newman black hole angular momentum and the charge in the string 
regime. This implies also minimal values for the angular momentum of a Kerr Black Hole, 
and for the charge of a Reissner-Nordstrom Black Hole. 

6. QUANTUM STRING EMISSION BY A BLACK HOLE AND THE LAST 
STAGE OF BLACK HOLE EVAPORATION 

As cosmological evolution goes from quantum string (QS) phase to quantum field theory 
(QFT) phase (and then to the classical epoch), black hole evaporation goes from a QFT 
phase to a QS phase. We will analyzed in this section the quantum string emission of a 
Schwarzschild black hole (J = 0, Q = 0) in an asymptotically flat, dS and AdS space times; 
and the quantum string emission of a rotating charged black hole (KNBH). Finally, we 
will consider the black hole quantum decay. 

For a non rotating uncharged black hole in a fiat, dS or AdS space times, evaporation 
is measured by an observer which is at the corresponding asymptotic region i.e fiat, dS or 
AdS backgrounds. 

The quantum field emission cross section aqpTik) of a given emitted species of particles 



in a mode A; by a black hole in a given background is 37(1 - 38| , 59|] given by 



^Q^^(^) = eiP^^-^m - 1 ^^^^^ 
where is the greybody factor (absorption cross section), and we consider only the isotropic 
term (i.e. oscillatory behavior as a function of k is disregarded) j6o|. For the sake of 
simplicity, only bosonic states have been considered (+ sign in the denominator for fermionic) 
; Psem = {kBTsem)~~^ 1 and Tsem is the semiclassical - Hawking temperature in the chosen 
background. The quantum field emission cross section of particles of mass m is defined as 

POO 

c^QFTim) = / aQFrik) d^{k) (136) 

JO 
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where d^{k) is the number of states between k and k + dk: 

2Vd_i r5_2 



djj{k) = k""-' dk (137) 



From Eq. (11361) we have 



D-2 

2 



<^QFT\ 



(27r)^ {Psen^r" {hc^-' 
^ n=l ^ 



For large m and the leading order n = 1 {Psem ^ 1), we have 



D-l 



-QMm) ^ ^^^-^ e-'- (139) 



The string quantum emission cross section, a string , will be given by 

(Jstring - / Ps{m) aQFT{m) d( — ) (140) 
where psijn) is the asymptotic density of mass levels in flat, dS and AdS space times 

(Eqs. (iHD, dn, (iSD). 

6.1. Schwarzschild black hole quantum emission 

For a Schwarzschild black hole in an asymptotically flat space time, the black hole evap- 
oration will be measured by an observer at this asymptotic region. Inserting the fiat mass 
density of states (Eq. fj43|) ) in Eq. (I140p . we have the following behaviors for low and high 
black hole temperatures compared with the string temperature tg (string spin considerations 



are overlooked her; emission is larger for spinless particles [6ll]) : 

For low temperatures, T^e^ '^ts-, we recover the semiclassical (QFT) Hawking emission 
at the temperature Tgem (Eq. f|T5]) ) 



D-3 

Vd-1 Ta ms^ _R _„.2 



But for T^em ^s; we have a singular pole behavior at (for any D space time dimen- 
sions) 

Vp-i Ta mf^ e-(/3.e^-fe) moc^ 

C string ^ d-i / ^ \ 9 A^'^) 
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We see again that a phase transition takes place [62j, at the string temperature tg 
(Eq. fj48l) ). towards a microscopic finite energy condensate of size /s [ill- This stringy state 
forms, at the last stage of black hole evaporation, from the massive very excited strings 
emitted by the black hole. The phase transition undergone by the emitted strings represents 
the non perturbative back reaction effect of the string emission on the black hole. As we 
already mentioned, an explicit dynamical perturbative solution to the back reaction effect 
of the string emission on the Schwarzschild black hole accompasses this picture: the black 



hole losses its mass, reduces its radius until Ig and rises its temperature until t^. 
6.2. Black hole - de Sitter quantum emission 

For m <^ Ms, (away from the upper mass bound and the temperature T^), the Ps{fn, H) 
leading behavior is given by the flat space solution [H = 0; Eq. fH51) ). and the black hole 
emission coincides with Eq. fll42p where Psem is substituted by Psem bhds and tg by T^. This 
means that, for low Hm regime, the string emission cross section shows the same singular 
behavior near tg as the low Hm behavior of the canonical dS partition function, and as 
the quantum string emission by a (asymptotically flat) black hole which was the previous 
case. This is so, since in the bhdS background, the string mass scale for low string masses 
(temperatures) is the Hagedorn (flat space) string temperature t^; the limit Tgem bhds ~^ ts 
is a high temperature behavior for low Hm <^ c/a', and ts is smaller than the string dS 
temperature T^. 

For low temperatures Psem bhds ^ Ps "we recover the semiclassical (QFT) Hawking emis- 
sion (Eq. ( ]14ip ) but here at the temperature Tsem bhds- 

However for high masses (m ~ M^), i.e close to the string critical temperature T5, the 
quantum emission cross section has a different behavior as the one of the previous case. We 
have for the astring leading behavior : 



D-l 



fm rn \ TA -n (kBTsem bhds\ /-, Tsem bhdS /-, 

CTstring (T ~ T^) ~ Fa \^ — j ^1 - (143) 



The black hole-de Sitter emission cross section shows a phase transition at Tsem bhds = 
Ts'. the string emission by the black hole condensates into a de Sitter string state of string de 
Sitter temperature Tg 1^. This is not like the flat (or asymptotically flat) space string phase 
transition (of Carlitz type), but this is a de Sitter type transition. Instead of featuring a 
single pole singularity in ( T — ), the transition is a square root branch point. The branch 
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point singular behavior at Tg is valid for any D-dimensions and is like the one we found for 
the de Sitter canonical partition function (Eq. fl96l) ) and for the de Sitter microscopic string 
density of states Ps{m, H) Eq. (Hljl in the high m (high Hm — > c/a') regime. 

6.3. Black hole - Anti de Sitter quantum emission 

We consider the quantum emission for the different mass ranges, with respect to the 
relevant AdS string mass scale Mg (Eq. (HOl)). For low masses m -C M^, the Ps{fn, |A|) 
leading behavior is given by the flat space solution, (if = 0; Eq. (H3l) ). and the black 
hole emission coincides with Eq. (11421) where Psem is substituted by Psem bhAds and tg by 
Tg (Eq. fj42l) ). In other words, for a low regime, \H\m -C c/a' regime, the hhAdS string 
emission cross section shows the same singular behavior near tg as the low \H\m behavior 
of the dS and AdS partition functions (Eq. fl^ ). and as the quantum string emission by 
an asymptotically flat black hole jj], but here at the hhAdS temperature Tgem bhAds- 
This is so, since in the bhAdS background, the string mass scale for low string masses 
(temperatures) is the Hagedorn flat space string temperature tg. The limit Tg^m bhAds ^ ts 
is a high temperature behavior for low Hm ^ c/a'; tg is larger than Tg^m bhAds but smaller 
than the AdS string temperature Tg. 

For low temperatures Pgem thAds ^ Ps, (i-e. semiclassical regime), we recover the QFT 
Hawking emission at the temperature Tgem bhAds- 

Now, for high masses m ~ M^, and m » Mg, agtring behaves as: 

3-D 



(7gtringirn ~ Mg and m > M^) ~ — TTd^ T, I e'^^Ads 

[Psem bhAdS '^c) \Ps AdS 



Vd-1 Ta f f^s \ ^ ^TT^il^^ - "^-^l^sem bhAds) 

(144) 



and no phase transition occurs as we already knew [11 
6.4. Kerr Newman quantum emission 

The quantum string emission by a Kerr Newman black hole is given by the cross section 
(Tstring = Psim,j,a) ac,{m, j) d{ — ) (145) 

where 

roo 

(^a{m,j) = / aa{k,j) dp{k,i) (146) 
Jo 
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(Ta{k,j) is the QFT emission cross section of particles of species a in a mode of frequency 
k, spin ja {= riah), and charge Qa- 

(^a{k,j) = . — ^ (147) 

exp{/3,em[i?(fc)-/ia]} + (-1)2^+1 

where j3sem = {kBTsem{,J,Q))~^ ■ Tq, is the classical absorption cross section (grey body 
factor), and /Iq, the chemical potential given by Eq. fll22p . 

The QFT emission cross section of particles of mass m and spin j is defined as 



aim) 



EE/ cT^{k,j)dfi{k,j) (148) 



where dfi{k,j) is the number of states between k and k + dk 

and Tij is the number of spin states: [{j + D~ 3)!(2j + D - 2)] [j\{D - 2)\]-^ for SO{D); ( 
2j + 1 for S0{3)). 

From Eq. (11481) we have 

. , Vd-1 (mc2) ' /2 - (-l)("-i)2^- 
aim) = } > rij j^, frj^ \ — ; ^777:^ x 

)} (150) 



- D-3 
2 



K^^^ being the modified Bessel function. For large m and leading order (n = 1), Eq. (I150p 
becomes 

<rn) ^ EE^.7^^4±I '^e-^--^-'-^-^ (151) 

Therefore, from the quantum emission of strings by the black hole a string (Eq. (I145p ). we 
have the following leading behaviors: 

For (3sem > (3s 

D-3 

'-'string — / j / , g-i g+i "-^ V-'-"-''^/ 

and for fisem Ps 

D-3 

v-v- Vd-1 r 

(^string — Z^Z^^j,^ , D-i D-i ^ j-z ^ IJ-Ooj 
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The string emission cross section shows that for Tsem{J, Q) ^ tg the emission is thermal 
with temperature Tsem{J, Q) (Eq- f|T9|) ). this is the Hawking part of the emission in the early 
stage of evaporation, that is, the semiclassical or QFT regime. As evaporation proceeds, 
Tsem{JiQ) increases: for Tsem{J,Q) ^ tg, the massive string modes dominate the emission; 
the string emission cross section shows at tg the same behavior as \nZ (Eq. (I127p ). that is, 
a phase transition takes place at Tsem{J,Q) = tg- This phase transition undergone by the 
emitted strings represents the non-perturbative back reaction effect of the string emission on 
the black hole. In a non-singular finite process, the temperature does not becomes infinite 
but remains bounded by ts (the radius and mass do not reduce to zero) [l2|. 



6.5. Quantum Black hole decay 



In the semiclassical (QFT) regime, ie in the early stages, of black hole evaporation, the 
black holes BH, bhdS, bhAdS, KBH, RNBH and KN decay as a grey body at the Hawking 
temperature Tgem, with a decay rate 



d In M,. 



dt 



G 



8 TT Tsem (^ 



!)• 



(154) 



where Tsem (Eq. (fT2|) ) is given by Eqs. (fT3l) . (fT4l) . (fT6l) and (fT9|) respectively. As evaporation 
proceeds, Tg^m increases until it reaches the string temperature Tstring, where Tstring = 



(Eq. 



for BH, KBH, RNBH and KN black holes and T, 



string 



Ts (Eq.digi) for bhdS 



and bhAdS black holes. The black hole itself becomes a very excited string state in any of 
the backgrounds considered. This quantum string state decays in the usual way quantum 
strings do ( (63|,[6J|), ie with a width. 



«' TLng 



(155) 



As Ts, 



Tstring, ^sem becomes Ts {G ~ a') 



and the final decay is a pure (non mixed) 



quantum mechanical string decay into all type of particles. The string minimal black hole 
will have a life time r = (F^)"^.^ In this effective string framework there is no loss of 



information, i.e no paradox at all 2^, [12|, [ij]- [15|. 



7. SEMICLASSICAL (Q.F.T) and QUANTUM (STRING) REGIMES 

7.1. Semiclassical entropy for (asymptotically fiat) Schwarzschild black hole, 
de Sitter and Anti de Sitter space times 
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From our analysis in the previous Sections for different backgrounds, we have shown that 
for Tsem — > Tstring, the semiclassical (Q.F.T) regime with Hawking- Gibbons temperature 
Tsem undergoes a phase transition into a string phase at the string temperature Tstring, 
being Tstring the critical temperature {Tstring = ts (Eq. fHSl) ) for BH, KBH, RNBH and 
KN, and Tstring = Ts (Eq. fl42p ) for dS, hhdS and hhAdS). This means that, in the quantum 
string regime, the semiclassical mass density of states psem becomes the string mass density 
of states ps, and the semiclassical entropy Ssem becomes the string entropy Ss- Namely, in 
a given background, a semiclassical state, {dS)sem = (Tsem, Psem, Ssem) , undergoes a phase 
transition into a quantum string state {dS)s = {Tstring, Ps, Ss). 

The sets {dS)s and {dS)sem are the same quantities but in different (quantum and semi- 
classical/classical) regimes. This is the usual classical/quantum duality but in the gravity 
domain, which is universal, and not linked to any symmetry or isommetry nor to the num- 
ber or the kind of dimensions. From the semiclassical {dS)sem and quantum string {dS)s 
regimes, we can write the full de Sitter entropy Ssem, with quantum corrections included, 
such that it becomes the string entropy Ss{m) (Eq. ( |30l) ) in the string regime. 

For the (asymptotically flat) BH, dS and AdS cases, the full semiclassical entropies Ssem 



n 



are given by |29|, M- [15( 

Ssemjlat = Ssem{M) = - a A;^ lu (^) (156) 

Kb 

SsemMH) = S:J'\h) -aksln (^I^Hl^El) _ \nJ^{H) (157) 

Kb 

Ss,Ads{\A\) = Ss^'\\A\) -aksln (^^ff!!^!^) _ ln^(|A|) (158) 

Kb 

where for Eqs. (I157p and (I158p 

S:J'\m) ^ S^±^^) , ^ = ^{lT^X^)9{X) (159) 
(=F for dS and AdS respectively) being X the dimensionless variable 

^X{\H\)^^^ = C^)' (160) 

^' S^^m{\H\) ^Mei) ^ > 

{Mcl is the dS{AdS) mass scale Eq. fl29p . and mpi the Planck mass Eq. fll02p ) and 



2 



g{X) = —— , Asem = V1T4X2 

1 i-^s 



^sem 



\ ^ Siem{\H\)^ 
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(=1= for dS and AdS respectively). 5*^°^ and S^^l^{\H\) are the usual Bekenstein-Hawking 
entropies of flat, dS {H > 0) and AdS (A < 0) backgrounds (Eqs. (EEl) and (EZD). 

From Eg. (11561) we see that, for a Schwarzschild BH, the Bekenstein-Hawking entropy 5"^°™ 
is the leading term. Analogously, for low curvature regime in dS (AdS) ( low \H\ <^ c/ipi, 
Mci 3> mpi i.e X — i> 0, A — i> 1, g{X) 1) the Bekenstein-Hawking entropy Ssem{\H\) is the 
leading term with its logarithmic correction: 

SsemilHl) = Si±m) - aks In (^SUL^) (162) 



7.2. Non extremal Kerr black hole entropy 

We can write the semiclassical entropy Ssem{M, J) for the Kerr black ho 



becomes the string entropy Ss{m,j) in the string regime (Eq. (1721) ). namely 12 1 



e such that it 



S,UM, J) = Si^liM, J)-akB\n( '^^ ) + In J) (163) 

^ Kb ^ 

where ^"^^(M, J) is the Bekenstein-Hawking entropy (Eq. ([261) and Eq. (EHD) and F{S^^„^, J) 
is given by 



F = A^^——) el--J ^ (164) 

COsh^ ( (l-A) silUM,J) 



A 2kB 



For J = 0: F = I and ^^KM, J = 0) = = 47rA;B (M/mp,)', being the 

Schwarzschild black hole Bekenstein-Hawking entropy. A is given by Eq. (fTTjl . which in 

terms of Sf2n, reads: 

Therefore, the whole Kerr entropy Ssem{M, J) (Eq.( 11631) ) can be written in terms of S^g^: 
SsemiM, J) = {-^)sill -akBln[ -i^ )-(a+l) A;^ In A - 2 A;^ In cosh ' ^ ' 



B 



AkB A 
(166) 



The first term in Eq. ( I166p reads 

1 

2 v/^y V 



sem 
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For A 7^ 0, the effect of the angular momentum is to reduce the entropy. Ssem{M, J)) is 
maximal for J = (ie for A = 1). For J = 0, we reproduce the semiclassical entropy of a 
Schwarzschild black hole (Eq. (I156p ): 

S,,m{M) = Sill - In (168) 

Notice that the new term In F(S'^1(M, J)) in Eq. (11631) is enterely due to J 7^ 0, and 
yields in particular to the last In cosh term in Eq. (11661) . The argument of the last term in 
Eq. (11661) reads 

Eq. (I163P provides the whole Kerr black hole entropy Ssem{M, J) as a function of the 
Bekenstein-Hawking entropy ^^^(M, J). For M ^ mpi and J < Givp /c, SfXi is the leading 
term of this expression, but for high angular momentum, (nearly extremal or extremal case 
J = GM'^/c), a gravitational phase transition operates and the whole entropy Ssem is 
drastically different from the Bekenstein-Hawking entropy S'^l, as we see below. 

7.3. Extremal Kerr black hole and gravitational phase transition 

The semiclassical extremal Kerr Newman black hole does not evaporate through Hawking 
radiation, as the Hawking temperature is zero in this case (Eqs. f|T8|) . f|T9l) and fl25l) ) 

Tgem^Ji extremal 

Eq. (I128P is a strict inequality in this case: Tsem{J,Q) extremal < ts- The string temperature 
cannot be reached (unless the extremal configuration would already be a stringy state). 

The extremal black hole is, among the black hole states, the most stable configuration, 
i.e the most classical or semiclassical one. 

A Kerr-Newman black hole cannot become through quantum decay an extremal black 
hole. The extremal black hole cannot be the late state of black hole evaporation. Through 
evaporation and decay, the black hole losses charge and angular momentum (super-radiance 
like processes) at a higher rate than the loss of mass through thermal radiation. Thus, 
if a black hole was not extremal at its origin, it will not be extremal at its end. A Kerr 
Newman black hole evolves in general, through evaporation, into a Schwarzshild black hole. 
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and becomes at its late stage a stringy state, which then decays, by the usual string decay 
process, in all types of massless and massive particles. 

In particular, we consider now an extremal Kerr black hole. The Bekenstein-Hawking 
entropy ^^^^(M, J)js minimal in the extremal case, i.e when J reaches its maximal value 
(A = 0, Eq. (HZD) m 

5il(M, JUremal = \ S^±{M , J = 0) (171) 

For A ^ 0, the last term in Eq. (11661) substracts the first one, and the pole in A of these 
two terms cancel out. Ssem{M, J)extremai is : 

A 3 

Ssem{M,J)extremal = -{a+1) fcfi lu - + fcfi lu 2 + A ( - - ake) + 0{A'') (172) 

In terms of the mass, or temperature, A (Eq. f|T71) ) is given by 



(T = Mc^ /SirkB) being now Tsem the Schwarzschild Hawking temperature. In the extreme 
limit (J/h) -* {M/mpiY, Sseni{M, J)extremai is dominated by 



Ssem{M, J)extremal = "(a + 1) kp lu (l/| Jt - (^) '^Vp; ) + 0(1) (174) 



TV ^h' 

(being Tpi the Planck temperature). This shows that a phase transition takes place at 



T y{J/h) Tpi, we call it extremal transition. 

The characteristic features of this gravitational transition can be discussed on the lines 
of the extremal string transition we analysed for the extremal string states (Subsec.4.1). 

7.4. De Sitter gravitational phase transition 

For high Hubble constant, H ~ c/ipi, (i.e Md ~ mpi), the high curvature or quantum dS 
regime is very different from the BH, dS low curvature and the high curvature AdS regimes 
as we shall see. In the limit ^ mpi, >S'^e^(l-^l) subdominant for dS background (and 
AdS as well). In fact, for Ads ~ {Agem{dS) = A^s, Eq. (11611) ). or Mce mpi, the entropy 
Ssem,ds{H) (Eq. (HSZD) behaves as [ij]: 

SsemMH)A,s-0 = kB \n A^s + 0(1) (175) 

and the Bekenstein-Hawking entropy S^^l^{H) is sub-leading, 0(1), (>S'^em(-^)Ad5=o = T^kp)- 

44 



In the limit Md ^ mpi, Ssem,ds{H) is dominated by 



SsemMH) A,s-^o = - A;^ In ( v^J 1 - ) + 0(1) (176) 



being 



(T = {l/27ckB) Mcic^). This shows that a phase transition takes place at T ^ Tgemds, 
implying that the transition occurs for mpi, ie T — > Tpi, (that is for high H c/ipi). 

This is a gravitational like transition, similar to the de Sitter string transition we analysed 
in Sec. 4 : the signature of this transition is the square root branch point behavior at the 
critical mass (temperature) analogous to the thermal self-gravitating gas phase transition of 



point particles 



34| - |36| . |65| and to the string gas in dS* space. This behavior is universal, 



and happens in any number of space-time dimensions 29|, 66|] . We have already seen 
the same feature for the extremal Kerr black hole (high angular momentum J —>■ M'^G/c, 
extremal transition). 

7.5. Absence of Anti de Sitter gravitational phase transition 

For AdS background, the variable AAds {Asem{AdS) = A^ds) reads 



(T = {l/2TTkB) Mcic^). It must be noticed that AAds never vanishes in this space-time, 
contrary to dS space-time in which A^^ (Eq. (11771) ) for high cosmological constant 
(high curvature or quantum dS regime). For high curvature, i.e. M^e —>■ mpi, the full AdS 
entropy Ssem,Adsi\M) (Eq- P58|)) is : 



'sem,Ads{\M) = \j " akp lu Tt) - fcfi lu ( , ) (179) 



. 1 + V2 

(Bekenstein-Hawking AdS entropy: S^^^n y^^g{\A\){Mce = mpi) = nkp )■ Contrary to dS, 
no phase transition occurs at T ^ TsemAds in de AdS space time. That is, there is no 
phase transition at Md rnpi, ie T — tpi, (high curvature lA]^^"^ — > c/ipi or quantum AdS 
regime). This is so, since for AdS background, like for the AdS string entropy, no singularity 
at finite mass or finite temperature occurs in the density of states or in the entropy. Also, 
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contrary to dS and to extremal KBH cases, there is not a square root branch point in the 
mass (temperature) analogous to the thermal self-gravitating gas phase transition of point 
particles. 

It must be noticed that in AdS background we can still analyze the mass regime « 
mpi, for which X » 1, Aacis = 2X » 1 and g{X) = 1/X (Eq. (fMID and (fW]) l In 
this regime, the Bekenstein-Hawking term is subdominant: 

^il(|A|)(X»l) = ^«l, (180) 

therefore, ^f^{X)Sf2n = vrA;B/(2X3/2) , and the full Arf^ entropy ^,em,Ad5( I A|) (Eq. (fT58il ) 
behaves as : 

SsemAdsimiX » 1) = aks In - kB In (2X^2) + (181) 

This is a high curvature quantum regime, in which |A|^/2 >> c/£pi, and therefore, the 
entropy is not dominated by the usual Bekenstein-Hawking (zero order term), which results 
negligable in this case jlS^. The Planck scale AdS curvature regime (|A|^/2 ~ c/ipi), is 
reached smoothly, without any singular behavior or phase transition in the entropy. The 
very high curvature AdS regime, |A|^/2 >> c/ipi, is reached with a logarithmic growing 
behavior of the entropy. 

8. SUMMARY AND CONCLUSIONS 

In the framework of the effective approach to quantum strings in curved backgrounds 
of physical relevance {dS, AdS, BH, bhdS, bhAdS, KBH, RNBH and KNBH), explicit 
calculations of the quantum string entropy, string partition function and quantum emission 
by black holes (Schwarzschild, rotating, charged, i.e. in an asymptotically fiat, dS and AdS 
space times) have led to several new results: 

(i) For quantum strings, we have not only Hagedorn-Carlitz type of transitions, but 
new gravitational phase transitions appear with a common distinctive universal feature: 
a square root branch point singularity in any space time dimensions. 

This gravitational phase transition is shown explicitly for dS and KNBH cases (also for 
quantum strings in flat space time when mode angular momenta are considered). 

The same behavior was already found for a thermal self-gravitating gas of point non 
relativistic particles (de Vega - Sanchez transition), thus describing a new universality 
class. 
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(ii) On the contrary, there are not phase transitions for AdS alone. 

(iii) For dS background, upper bounds for the Hubble constant H, and of the cosmological 
constant A, are found, dictated by the quantum string phase transition. 

(iv) The last stage of black hole evaporation is a microscopic string state with a finite 
string critical temperature which decays as usual quantum strings do in pure quantum non- 
thermal radiation. 

Quantum black hole emission and black hole decay are described both in the semiclassical 
(Q.F.T) and quantum (string) regimes. 

(v) . In the KNBH evaporation, the black hole losses its mass and also its angular 
momentum and charge. 

New lower string bounds are given for the Kerr-Newman black hole angular momentum 
and charge, which are entirely different from the upper classical and semiclassical bounds. 

(vi) . For Schwarzschild black holes in dS space time, a relation between the Schwarzschild 
radius and the Hubble constant emerges, due to bhdS phase transition. 

(vii) . For Schwarzschild black holes in AdS, a minimal classical length or a maximal 
string length are given. 

Furthermore, the minimal black hole radius in AdS space time is larger than the minimal 
black hole radius in dS. 

(viii) . We have seen that, for a given background, a semiclassical state, {dS)sem — 
{Lciassicai,Tsem, Psem, Ssem) , uudcrgocs a phasc transition into a quantum string state, {dS)s 
— {L string, Tstringi, Ps, Ss)- Thcsc scts, {dS)s and {dS)sem, ^rc the Same quantities but in 
different (quantum and semiclassical/classical) regimes. This is considered as the usual 
classical/quantum (wave/particle) duality but in the gravity domain, which is universal, 
and not linked to any symmetry or isommetry nor to the number or the kind of space-time 
dimensions. 

(ix) . From the full quantum string entropy Ss, we have written the semiclassical Ssem 
entropy with quantum (logarithmic) corrections included. 

Gravitational phase transitions are shown for dS and extremal KBH cases. These tran- 
sitions display the universal feature of a square root branch point singularity in the temper- 
ature. 

(xi). For extremal KBH, a gravitational phase transition takes place at temperature 
greater than the Planck temperature. We call this eoctremal transition. 
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